WEYL'S THEOREM, a-WEYL'S THEOREM, 
AND LOCAL SPECTRAL THEORY 

RAUL E. CURTO AND YOUNG MIN HAN 

Abstract. We give necessary and sufficient conditions for a Banach 
space operator with the single valued extension property (SVEP) to 
satisfy Weyl's theorem and a-Weyl's theorem. We show that if T 
or T* has SVEP and T is transaloid, then Weyl's theorem holds for 
/(T) for every / G H{a{T)). When T* has SVEP, T is transaloid 
and T is a-isoloid, then a- Weyl's theorem holds for f{T) for every 
f e H{a{T)). We also prove that if T or T* has SVEP, then the 
spectral mapping theorem holds for the Weyl spectrum and for the 
essential approximate point spectrum. 



1. Introduction 

Let B{X) denote the algebra of bounded linear operators acting on 
an infinite dimensional complex Banach space X. If T G B{X) we shall 
write N{T) and R{T) for the null space and range of T, respectively. 
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Also, let a{T) := dim N{T), l3{T) := dim X/R{T), and let a{T) denote 
the spectrum of T, 7ro(T) the eigenvalues of T, and nofiT) the eigenvalues 
of finite multiplicity of T. An operator T G B{X) is called Fredholm if 
it has closed range, finite dimensional null space, and its range has finite 
co-dimension. The index of a Fredholm operator T is given by 

tiT):=a{T)-PiT). 

An operator T G -B(X) is called Weyl if it is Fredholm of index zero, and 
Browder if it is Fredholm "of finite ascent and descent;" equivalently ( [pJ] , 
Theorem 7.9.3]) if T is Fredholm and T — A is invertible for sufficiently 
small A 7^ in C. The essential spectrum cre{T), the Weyl spectrum 
uj{T), and the Browder spectrum cr;,(T) of T G B{X) are defined by 

(0, O) 

ae(T) := {A G C : T - A is not Fredholm}, 
uj{T) := {A G C : T - A is not Weyl}, 

and 

(JbiT) := {A G C : T — A is not Browder}, 
respectively. Evidently 

ae(T) Cuj{T)C ab{T) = a,{T) U acc cr(T), 
where we write acc K for the accumulation points of C C. 
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If we write iso i^' := i^' \ acc K then we let 

7roo(T) := {A G iso a{T) : < a(T - A) < cx)} 

denote the set of isolated eigenvalues of finite multiplicity, and we let 

Poo(T) :=a(T)\a,(T) 

denote the set of Riesz points of T. 

We say that Weyl's theorem holds for T G B{X) if 

(1.1) a(T)\cu(T) = 7roo(T), 
and that Browder's theorem holds for T G B{X) if 

(1.2) a{T)\uj{T)=p,,{T). 

In [21|, H. Weyl proved that (|1 . 1|) holds for hermitian operators. Weyl's 
theorem has been extended from hermitian operators to hyponormal 
operators, to Toeplitz operators 0], and to several classes of operators 
including seminormal operators (0, 0). 

In this article we give necessary and sufficient conditions for a Banach 
space operator with the single valued extension property (SVEP) to sat- 
isfy Weyl's theorem (Theorem p.2|) and a- Weyl's theorem (Corollary |3.3|) . 
(For the relevant definitions please see below.) We show that if T or 
T* has SVEP and T is transaloid, then Weyl's theorem holds for /(T) 
for every / G H{a{T)) (Theorems and p. 5] ). We establish that if T* 
has SVEP, and if T is transaloid and a-isoloid, then a- Weyl's theorem 
holds for f{T) for every / G H{a{T)) (Theorem |3.5| ). We also prove that 
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if T or T* has SVEP, then the spectral mapping theorem holds for the 
Weyl spectrum (Corollary |2.6|) and for the essential approximate point 
spectrum (Theorem 

To describe some of the above mentioned results, we consider the sets 

$+(X) = {T G B{X) : R{T) is closed and a{T) < oo}, 
$_(X) = {T G B{X) : R{T) is closed and /?(T) < 00} , 

and 

<I>;(X) = {T G 5(X) : T G $+(X) and i(r) < 0}. 

Moreover, 

aUT) := {AgC:T-A^$+(X)} 
is the left essential spectrum, 

(TreiT) := {A G C : T - A ^ ^-{X)} 
is the right essential spectrum, 

aea(T):={AGC:r-A^$;(X)} 
is the essential approximate point spectrum, and 

a„(T) := {A G C : i?(T - A) is not closed or a{T - A) > 0} 
is the approximate point spectrum. We now let 

7r^p(T) := {A G iso aa{T) : < a(r - A) < 00 }, 
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denote the set of eigenvalues of finite multiplicity which are isolated in 
(TaiT), and we let 

cT^j,(T) := n{aa{T + K) : TK = KT and K G K{X)} 

denote the Browder essential approximate point spectrum, where K{X) 
is the set of all compact operators on X. Observe that <Jea(T) C aabiT) 
for every T G B{X). 

We say that a-Weyl's theorem holds for T G B{X) if 

(1-3) a,(r)\a,,(T) = <om, 

and that a-Browder's theorem holds for T G B{X) if 

(1.4) a,,(T) = a,,(T). 

It is well known ([|], pl, lH) that if T G B{X) then we have: 



a-Weyl's theorem =^ Weyl's theorem =^ Browder's theorem; 



a-Weyl's theorem =^ a-Browder's theorem =^ Browder's theorem. 



V. Rakocevic |I9| has shown that ( |1.3| ) holds for cohyponormal opera- 
tors. More recently, S.V. Djordjevic and D.S. Djordjevic have shown 
that if T* is quasihyponormal then a-Weyl's theorem holds for T. 

An operator T G B{X) is called isoloid if every isolated point of o"(T) 
is an eigenvalue of T. If T G B{X), we write r{T) for the spectral radius 
of T; it is well known that r{T) < \\T\\. An operator T G B{X) is called 
normaloid if r{T) = ||T||. X G B{X) is called a quasiaffinity if it has 
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trivial kernel and dense range. S G B{X) is said to be a quasiaffine 
transform of T E B{X) (notation: S ~< T) if there is a quasiaffinity 
X G B{X) such that XS = TX. If both 5 ^ T and T ^ 5, then we say 
that S and T are quasisimilar. 

We say that T G B{X) has the single valued extension property (SVEP) 
if for every open set f/ of C the only analytic solution / : U — > X of 
the equation 

(T-A)/(A) = (AGf/) 

is the zero function (|^, [0]). Given an arbitrary operator T G B{X), 
the local resolvent set Pt{x) of T at the point x G X is defined as the 
union of all open subsets f/ of C for which there is an analytic function 
/ : U — i> X which satisfies 

(T-A)/(A) = a; (all A G t/). 

The local spectrum ax^x) of T at a: is then defined as 

arix) := C\pj,{x). 

For an arbitrary operator T G B{X), we define the local (resp. glocal) 
spectral subspaces of T as follows. Given a set F C C (resp. a closed 

set G C C), 



= {x eX : arix) C F} 
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(resp. 

:= {x G X : there exists an analytic function 
/ : C\G ^ X that satisfies (T - A)/(A) = x for all A G C \ G}). 

An operator T G B{X) has Dunford's property (C) if the local spectral 
subspace Xt{F) is closed for every closed set FCC; such operators 



automatically have SVEP [|17 



We will use often the following two results. 

Lemma 1.1. (]]T], Theorem 2.6]) Let T G B{X) be an operator satisfying 
SVEP, and let A ^ cTeiT). Then T — A has SVEP if and only if T — X 
has finite ascent. 



Lemma 1.2. (]|T4|, Theorem 3.1]^ Let T G B(X) and assume that A G 
7roo(T). Then T = Ti © T2 with respect to the decomposition X = 
Xt{W) © K{T - A), and a{Ti) = {A}, a{T2) = a{T) \ {A}, where 
K{T) := {x G X : Tx„+i = x„,Txi = x, ||x„|| < c"||x|| {n = 
1, 2, ... ) for some c > 0, x„ G X}. 

2. Extensions of Weyl's theorem 
The following theorem relates Weyl's theorem to local spectral theory. 



As motivation for the proof, we use some ideas in [O] and |T^. 



Theorem 2.1. LetT G B{X) and assume that Xt{{X}) is finite dimen- 
sional for each A G 7ro/(T). Then Weyl's theorem holds for T. 
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Proof. We must show that cr(T) \ uj(T) = ttqq(T). Suppose that A G 
cr(T) \ uj{T). Then T — A is Weyl but not invertible. Then A G noflT), 
and hence dim AV({A}) < oo. Since Xt{{X}) is an invariant subspace 
for T, we can write 



T 



A C 
B 



where A := T\xj,{{\}). Since dim ^^({A}) < oo, T — A is Weyl if and only 
if 5 - A is Weyl. Thus, 5 - A is Weyl. However, N{T - A) C A'r({A}), 
hence i? — A is injective. Therefore -B — A is invertible. Recall now that 
since dim At({A}) < oo, (j{A) must be finite and cr(T) = a{A)\Ja{B). 
Thus, A is an isolated point of cr(T). Therefore A G iso cr(T) \ uj{T), and 
by the punctured neighborhood theorem, A G 7roo(T). 
Conversely, suppose that A G 7roo(T). By Lemma pT^, T = Ti © T2 on 
^^({A}) © K{T - A), with a{Ti) = {A} and a{T2) = (r{T) \ {A}. Since 
dim XtUX}) < 00, T - a is Weyl. Therefore A G a{T) \ uj{T). □ 



In [|T3|, it was shown that if T G B(X) has totally finite ascent (in the 
sense that T — A has finite ascent for each A G C), then Weyl's theorem 
holds for T if and only if R{T — A) is closed for all A G 7roo(T). In 
general, if T has totally finite ascent then T has SVEP(|T5||). However, 
the converse is not true. Consider the following example: let T G B{l2) 
be given by 

(2.1) T(xo, xi,X2,---) ■= {^xi, ^^2, ■■■)■ 
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Then clearly T does not have finite ascent. But since T is quasinilpotent, 
T has SVEP. Thus SVEP is a much weaker condition than having totally 
finite ascent. However, we can prove: 

Theorem 2.2. Suppose that T G B{X) has SVEP. Then the following 

statements are equivalent: 

(i) Weyl's theorem holds for T; 

(a) R{T — A) is closed for all A G 7roo(T); 

(Hi) Xt{{X}) is finite dimensional for every A G 7roo(T); 

(iv) 7r(C) discontinuous on 7roo(T), where 7t(-) denotes the reduced 

minimum modulus of T , i.e., 



Proof, (i)^(ii): Suppose A G 7roo(T). Since Weyl's theorem holds for T, 
A G cr(T) \ uj{T). Therefore R{T — A) is closed. 

(ii)^(iii): Let A G 7roo(T). By Lemma ^ T = Ti © T2 on Xt{,{\}) ® 
K{T - A), where a{T{) = {A} and ^(Ta) = a{T) \ {A}. Since R{T - A) 
is closed, an application of the punctured neighborhood theorem shows 
that A is a Riesz point of T. Therefore R{P) is finite dimensional, where 
P G B{X) is the spectral projection corresponding to A, given by 



7r(C) := inf{ 



\\iT-C)x 



■.xeX\N{T-C)}. 



dist{x,N{T -0) 
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where D is an open disk of center A which contains no other points of 
(t(T). Now, 



R{P) = {xeX: hm ||(T - A)"x||^ = 0} = ^^({A}); 
hence Xt{{\}) is finite dimensionaL 

(iii)^(i): Suppose A G cr(T) \ uj{T). Then T — A is Weyl but not 
invertible. We first show that A G da(T). Assume to the contrary 
that A G int cr(T). Then there exists a neighborhood f/ of A such that 
dim N{T — yu) > for all fi E U. It follows from p|, Theorem 10] that T 
does not have SVEP, a contradiction. Therefore A G da{T) \ uj{T), and 
it follows from the punctured neighborhood theorem that A G 7roo(T). 
Conversely, suppose that A G 7roo(T). By Lemma [L^, T = Ti © T2 on 
Xt{{X}) ® K{T - X), where a{Ti) = {A} and ^(rs) = a{T)\{X}. Since 
Xt{{X}) is a finite dimensional subspace of X, T — A is Weyl. Therefore 
A G a{T)\uj{T). 

(i)-v^(iv): If Weyl's theorem holds for T, then it follows from Theorem 
1] that 7r(A) is discontinuous for each A G 7roo(T). Conversely, suppose 
7t(A) is discontinuous on itqq(T). Since T has SVEP, it suffices to show 
that 7roo(T) C a(T) \ uj{T). Suppose that A G 7roo(T). Since A is 
an isolated point of cr(T), there exist 5 > and an open disk D{X,5) 
centered in A such that -D(A, 5)\~\o-{T) = {A}. For every jj, E D{X, 5)\{A}, 
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we have T — fi injective and thus, 

7t(/.)= inf ^ =inf 



x&x\N {T - ij.) dist{x, N{T — fi)) xf^o \\x\\ 
^ .^^ \\{T - X)x - ~ X)x\\ 
~ xGAf(T-A)\{o} ||a;|| 

= inf "^^,7^^^"=|/i-A|. 

xeN{T-\)\{0} \\x\\ 

Since 7t(C) is discontinuous at A, 7t(A) > 0. Therefore R{T — A) is 
closed, and hence T — A is Weyl. This completes the proof. □ 

Before we state our next theorem, we need a definition and two pre- 
liminary results. Recall that an operator T G B{X) is called transaloid 
if T — A is normaloid for every A G C. 

Lemma 2.3. Suppose that T G B{X) is transaloid. Then 
Xt{{\}) = N{T - A) for every A G C. 

Proof. Observe that Xt{{X}) = {x e X : lim ||(T - A)"x||^ = 0} for 

n— »oo 

each A G C. Since T is transaloid, T — fi is normaloid for each /i G C. 
Therefore — A)x|| < — A)"x||" for all x G X and n E N, and 
hence Xt{{X}) C N{T — A) for every A G C. The converse is clear. □ 

Lemma 2.4. Suppose that T G B{X) has SVEP and is transaloid. 
Then T is isoloid. 



Proof. Suppose that A is an isolated point of cr(T). Then it follows from 
that X = A't({A})+Xt(C \ {A}). Assume to the contrary that T-A 
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is injective. It follows from Lemma |2.3| that X = ^^-(C \ {A}). But 
(T-A)Xt(C \ {A}) = Xt{C \ {A}); hence T-A is surjective. Therefore 
T — A is invertible, a contradiction. It follows that T is isoloid. □ 

In the following theorem, recall that H{a{T)) is the space of functions 
analytic in an open neighborhood of cr(T). 

Theorem 2.5. Suppose that T G B{X) has SVEP and is transaloid. 
Then Weyl's theorem holds for f{T) for every f G H{a{T)). 

Proof. We first show that Weyl's theorem holds for T. Since SVEP and 
being transaloid are translation-invariant properties, it suffices to show 
that 



G 7roo(T) T is Weyl and not invertible. 



Suppose G 7roo(T). Then using the spectral projection P ■= ^ IdD^^~ 
T)^^dX, where D is an open disk of center which contains no other 
points of cr(T), we can write T = Ti © T2, where cr(Ti) = {0} and 
a{T2) = cr{T) \ {0}. It follows from Lemma ^ that P{X) = {x G 
X : lim ||T"a;||^ = 0} = A't({0}) = N{T). Since N{T) is a finite 
dimensional subspace of X, we must have uj{T) = uj(T2). But T2 is 
invertible, hence T is Weyl. Therefore G (t(T) \ uj(T). Conversely, 
suppose that G o"(T) \ uj{T). Then it follows from Lemma ^.3| that 
AV({0}) = N(T). Since A:V({0}) is a closed invariant subspace for T, T 
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can be represented by the following 2x2 operator matrix: 

T = 

Since AV({0}) is a finite dimensional subspace of X, T is Weyl if and 
only if T2 is Weyl. But At({0}) = N(T); hence T2 is injective, and so 
T2 is invertible. It follows from the punctured neighborhood theorem 
that G 7roo(T). Thus Weyl's theorem holds for T. 
We now claim that 

(2.2) f{u;{T)) = uj{f{T)) for all / G H{a{T)). 

Let / G H{a(T)). Since u{f{T)) C /(u;(T)) with no restriction on 
T, it suffices to show that f{uj(T)) C uj{f{T)). Suppose A ^ uj{f{T)). 
Then /(T) - A is Weyl and 

(2.3) /(T) - A = c(r - ai)(T - a^) ■ • • (T - aJ(7(T), 

where c, ai, 02, G C, and 5'(T) is invertible. Since the operators 

on the right-hand side of ( p. 3D commute, every T — Ui is Fredholm. Since 



T has SVEP, it follows from Lemma jLT] that each T — ai has finite ascent. 



Now we show that i{T — ai) < for each i = 1, 2, ■ ■ ■ , n. Observe that 
if A G B{X) is Fredholm of finite ascent then i{A) < : indeed, either 
A has finite descent, in which case A is Browder and i{A) = 0, or A has 
infinite descent and 

n ■ z(A) = a(A") - /5(A") — 
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which imphes that i{A) < 0. Thus z(T — a^) < for each i = 1,2, ■ ■ ■ ,n. 
Therefore A ^ f{uj{T)), and hence /(cu(T)) = cu(/(T)). 
We now recall that if T is isoloid then 

(2.4) f{a{T) \ 7roo(T)) = a{f{T)) \ vroo(/(T)) 



for every / G H{a(T)) |T^, Lemma]. By Lemma [2^ , T is isoloid, and 
since Weyl's theorem holds for T, we have 



a(/(T)) \ 7roo(/(r)) = f{a{T) \ noo{T)) (by(^ 
= fiuiT)) = u{fiT)) (byg: 

Therefore 

vroo(/(T)) = a(/(T)) \ [a(/(T)) \ 7roo(/(T))] = a{f{T)) \ uj{f{T)), 
so Weyl's theorem holds for /(T), as desired. □ 



From the proof of Theorem p.5| we obtain the following useful conse- 
quence. 

Corollary 2.6. LetT e B{X). Suppose thatT orT* has SVEP. Then 
uUiT)) = f{u{T)) for every f G H{cr{T)). 

3. Extensions of a- Weyl's theorem 

Let T G B{X). It is known that the inclusion aea{f{T)) C f(aea{T)) 
holds for every / G H{a{T)), with no restriction on T ||2^. The next 
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theorem shows that the spectral mapping theorem holds for the essential 
approximate point spectrum, for operators having SVEP. 



Theorem 3.1. Let T e B{X) and suppose that T or T* has SVEP. 

Then 

aea{f{T)) = fia^T)) for every f E H{a{T)). 

Proof. Let / G H{a{T)). It suffices to show that /(aea(T)) C a^aifiT)). 
Suppose that A ^ aea{f{T)). Then /(T) -AG and 

(3.1) /(T) - A = c(r - ai)(T - a^) ■ ■ ■ (T - a„)(7(T), 

where c, ai, a^, ■ ■ ■ , a„ G C, and 5'(T) is invertible. Since the operators 
on the right-hand side of ( p.l|) commute, T — E $+(X). Since T 



has SVEP, it follows from Lemma 1 . 1 that each T — a,- has finite ascent 



Therefore by the proof of Theorem p.5| , i{T — ai) < for each i = 
1, 2, ■ ■ ■ , n. It follows that A ^ f{aea{T)). 

Suppose now that T* has SVEP. Since T - e T* - G 

Since T* has SVEP, it follows from Lemma p..l| that each 
T — ai has finite descent. We claim that i{T — ai) > for each i = 
1,2, ■■ ■ ,n. Observe that if A G $_(X) and A is not Fredholm then 
evidently i{A) > 0. If A is Fredholm with finite descent, then either A 
has finite ascent (and then A is Browder and i{A) = 0), or A has infinite 
ascent (and then 

n ■ i{A) = a(A") - /3(A") - 
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which impUes that i{A) > 0). Thus i{T—ai) > for each i = 1,2, ■ ■ ■ ,n. 
However, 

n 

0<^z(T-a,)=2(/(T)-A)<0, 

i=l 

and so T — is Weyl for each i = 1,2, - ■ ■ ,n. Hence A ^ f{aea{T)), and 
so aeaifiT)) = f{aea{T)). This completes the proof of the theorem. □ 

In general, we cannot expect that a-Weyl's theorem necessarily holds 
for operators having SVEP. Consider the quasinilpotent operator T on £2 
given by (|2.1| ); this operator has SVEP. But cTaiT) = deaiT) = {0}, and 
^00 (^) — hence a-Weyl's theorem does not hold for T. However, 
a-Browder's theorem does hold, as the following result shows. 

Theorem 3.2. Suppose that T G B{X) has SVEP and S e B{X) sat- 
isfies S ^ T. Then a-Browder's theorem holds for f{S), for every 
feHiaiS)). 

Proof. We first recall that S has SVEP. For, let U be any open set and 
/ : U — > X be any analytic function such that (5 — A) /(A) = for all 
\ eU . Since S -<T, there exists a quasiaffinity A such that AS = TA. 
Thus, A{S - A) = (T - X)A for all XeU. Since {S - A)/(A) = for all 
XeU,0 = A{S-X)f{X) = (T-A)A/(A) for all XeU. But T has SVEP, 
hence Af{X) = for all X E U. Since A is a quasiaffinity, /(A) = 
for all A G t/. Therefore S has SVEP. Next we show that a-Browder's 
theorem holds for S, i.e., that <Jea{S) = aab{S). It is well known that 
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<^ea{S) C (Tab{S). To prove the converse, suppose that A G (ra{S)\(rea{S). 
Then S — X E and 5* — A is not bounded below. Since 5* has 

SVEP and S — X E ^^{X), it follows from Lemma that S — X has 
finite ascent. Therefore by Theorem 2.1], A G cTaiS) \ (7ab{S). Thus 
a-Browder's theorem holds for S. Hence, it follows from Theorem 
that 

(all / G H{a{S))), and so a-Browder's theorem holds for f{S). □ 



In analogy with Theorem 2.2, we obtain 



Corollary 3.3. Suppose that T G B{X) has SVEP and S G B{X) sat- 
isfies S ~< T. The following statements are equivalent: 
(i) a-Weyl's theorem holds for S ; 
(a) R{S — A) is closed for all X G 7rQQ(S'); 

(Hi) '~fs{0 is discontinuous on 7rgQ(S'), where 7s'(-) denotes the reduced 
minimum modulus; 

(v)rrUS) = aa{S)\aab{S). 



Proof. Since T has SVEP and S* -< T, it follows from Theorem |3.2| that 
a-Browder's theorem holds for S. Therefore deaiS) = aab{S). 
(i)<^(ii): Suppose A G ttqq{S). Since a-Weyl's theorem holds for S, 
X G o-a{S) \ aea{S). Therefore R{S — A) is closed. Conversely, suppose 
that R{S — A) is closed for all A G 7rQQ(S'). Since a-Browder's theorem 
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holds for S, <Tea{S) = aab{S). It follows from Corollary 2.2] that 
cTaiS) \ aea{S) = aa{S) \ aab{S) C 7100(5*). Conversely, let A G 7roo(5'). 
Then S — X has closed range, and so S — X G <I>+(X). Since 5* has 
SVEP, it follows from Lemma |1.1| that S — X has finite ascent. There- 
fore i{S - A) < 0, and hence 5 - A G $;(X). 

(i)-v^(iii): If a-Weyl's theorem holds for S, then it follows from ||19|, The- 
orem 2.4] that 75(A) is discontinuous for each A G 7100(5). Conversely, 
suppose that 7s'(A) is discontinuous on 7roo(5'). To show that a-Weyl's 
theorem holds for S, it suffices to show that R{S — A) is closed for all 
A G 7roo('S')- Let A G 7roo(5'). Since A is an isolated point of <Ja{S), 
there exist e > and an open disk D{X,e) centered in A such that 
D(A,e) n <7a{S) = {A}. For every G D{X,e) \ {A}, we have S — fi 
injective, and therefore 

, . . r \\{S - f^)x\\ . \\{S - fl)x\\ 

7s'(u) = mf — — - — — = mf 

xex\N{s-ti) dist{x, N{S — fx)) x^o \\x\\ 

< inf Wis - X)x - ifx - X)x\\ 



xeN{S-X)\{0} \\x\\ 

= inf "^^,7,^^"" =|M-A|. 

Since 75(C) is discontinuous at A, 75(A) > 0. It follows that R{S — A) 
is closed. 

(ii)-v^(iv): Assume to the contrary that A G (Jea{S) fl 7roo(5), so R{S — A) 
is closed. Since S has SVEP, i{S - A) < 0. Therefore S-Xe $;(X), 
and so A ^ crea(5), a contradiction. Conversely, let A G 7roo(5). Since 
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(^ea{S) n 7r^o(5) = 0, A ^ (TeaiS). Therefore R{S - A) is dosed. 
(i)<S=^(v): Since a-Weyl's theorem holds for S, we have 

Conversely, suppose that tTq^^S) = CaiS) \ aab{S). Since 5* has SVEP, 
(Tea (5') = cTabiS). Therefore itoq{S) = a„(S') \crea(5'), and hence a-Weyl's 
theorem holds for S. This completes the proof. □ 



Recall [T^, Definition 13] that an operator T G B{X) is called reguloid 
if each isolated point of its spectrum is a regular point, in the sense that 
there is a generalized inverse S\ G B{X), i.e., (T — A) = {T — \)S\{T — \) . 

Corollary 3.4. Let T G B{X). Suppose that T or T* has Dunford's 
property (C) and T is reguloid. Then Weyl's theorem holds for f{T) for 
every f G H{a{T)). 

Proof. Since Dunford's property (C) implies SVEP [|r^. Proposition 1.2.19], 
it follows from Theorem ^]2| that Browder's theorem holds for T. But T 
is reguloid, hence T — A has closed range for each A G 7roo(T). Therefore 
Weyl's theorem holds for T by Theorem |2.2| . Since T is reguloid, it is 
also isoloid by ||l2[ Theorem 14] . Hence by the proof of Theorem |2.5| , 
Weyl's theorem holds for /(T), for each / G H{a{T)). □ 

Finally, recall that T G B{X) is called approximate isoloid (a-isoloid) 
if every isolated point of <ya{T) is an eigenvalue of T. We observe that if 
T is a-isoloid then it is isoloid because the boundary of <j{T) is contained 
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in aa{T). (However, the converse is not true. Consider the following 
example: let T — Ti ® T2, where Ti is the unilateral shift on I2 and T2 
is injective and quasinilpotent on I2. Then a{T) = {2; e C : l^j < 1} 
and GaiT) = {z e C : \z\ = 1} U {0}. Therefore T is isoloid but not 
a-isoloid.) 

Theorem 3.5. Suppose thatT* e B{X*) has SVEP andT is transaloid. 
Then a-Weyl's theorem holds for T. If, in addition, T is a-isoloid, then 
a-Weyl's theorem holds for f{T), for every f e H{a{T)). 

Proof. We first show that a-Weyl's theorem holds for T. Since SVEP 
and being transaloid are translation-invariant properties, it suffices to 
show that 

e 7ro"o(T) « e aa{T) \ a,a{T). 

Suppose that e tiqq{T). Since T* has SVEP, it follows from that [8, 
Corollary 7] that o'(T) = o'a(T). Therefore is an isolated point of 
(t{T). Using the spectral projection -P := 2^ IdD^^ ~ T)^^d\, where D 
is an open disk of center which contains no other points of cr(r), we 
can represent T as the direct sum 
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where o"(Ti) = {0} and cr(T2) = cr{T) \ {0}. It follows from Lemma pl3 
that 

P{X) = {xeX : lim llT'^xll^ = 0} = Xt{{0}) = N{T). 

n—too 

Since N{T) is a finite dimensional subspace of X, uj{T) = uj{T2). But T2 
is invertible, hence T is Weyl. Therefore G aa{T)\af.a{T). Conversely, 
suppose that G CTaiT) \ crea(T). Then T G $+(X) and i(T) < 0. Since 
T* has SVEP, it follows from Lemma 1.1 that i{T) > 0. Therefore T is 
Weyl, and so G cTaiT) \ uj(T). Observe now that Browder's theorem 
holds for T* by Theorem |3.2| . Also, Browder's theorem holds for T* if 
and only if it holds for T. Thus Browder's theorem holds for T, and so 
G TTo^om- 

We have thus established that a-Weyl's theorem holds for T. Let 
/ G H{cx{T)). Since T* has SVEP, it follows from Theorem |3.1| that 



CeaifiT)) = f{(rea{T)). But o-Weyl's theorem holds for T, hence 
aea{T) = aabiT). Therefore 



(the last equality by virtue of pO|, Theorem 3.4]) and so a-Browder's 



theorem holds for /(T). Now let A G 7r^o(/(r)). Since a{T) = aa{T), it 
follows that a{f{T) = aa{f(T)), so A G 7roo(/(T)). Since T is a-isoloid, 
we notice that Weyl's theorem holds for /(T) by the proof of Theorem 
Z75[ Therefore f(T) — A has closed range for all A G 7rQQ(/(T)), and it 



follows from Corollary P]3 that a- Weyl's theorem holds for f(T). □ 
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